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Abstract. We interpret the equivariant cohomology HcLr, (-^■^' ^) '^^ ^ partial flag variety 
Tx parametrizing subspaces = i^o C Fi C • • • C Fn — C", dimFi/Fi^i — Xi, as the Bethe 
algebra B°°{V^) of the 0[^-weight subspace of a gl^[t]-module V*. 

> 

^ ■ 1. Introduction 

^ . A Bethe algebra of a quantum integrable model is a commutative algebra of linear op- 

• ! erators (Hamiltonians) acting on the space of states of the model. An interesting problem 
^ I is to describe the Bethe algebra as the algebra of functions on a suitable scheme. Such a 
description can be considered as an instance of the geometric Langlands correspondence, see 
|MTV2] . |MTV3j . The gij^ Gaudin model is an example of a quantum integrable model |Glj . 
|G2] . The Bethe algebra of the gl^ Gaudin model is a commutative subalgebra of the cur- 
^ I rent algebra U (0tAr[t]). The algebra depends on the parameters K = {Ki, . . . , Kn) G C^. 
^ ■ Having a 0[^[t]-module M, one obtains the commutative subalgebra B^{M) C End(M) 
as the image of B^ . The geometric interpretation of the algebra B^{M) as the algebra 
of functions on a scheme leads to interesting objects. For example, the Bethe algebra 
B^^^{{^^^iLa^{zs))x"^^) of the subspace of singular vectors of the gl^v-weight A of the ten- 
sor product of finite dimensional evaluation modules ^^^iL\^{zs) is interpreted as the space 
of functions on the intersection of suitable Schubert cycles in a Grassmannian variety, see 
|MTV2] . This interpretation gives a relation between representation theory and Schubert 
calculus useful in both directions. 

One of the most interesting gl^[t] -modules is the vector space V = V"®" ® C[zi, . . . ,Zn] of 
l^®"- valued polynomials in zi, . . . ,Zn, where V = is the standard vector representation 
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of gl^. The Lie algebra gl^rft] naturally acts on V as well as the symmetric group Sn, which 
permutes the factors of V^"' and variables zi, . . . ,Zn simultaneously. We denote by and 
V~ the S'„-invariant and antiinvariant subspaces of V, respectively. The actions of 0tAr[t] 
and Sn on V commute, so V"^ and V~ are g[^[t]-submodules of V. The Bethe algebra 
preserves the gt^-weight decompositions V"^ = ©aV;!" and V~ = ©aV;^, A = (Ai, . . . , \n) G 
Z^o, I A| = n. The Bethe algebra B^{V^) was described in |MTV3] as the algebra of functions 
on a suitable space of quasiexponentials {e^*"(-u^' + EnU'^'-'^ + ■ ■ ■ + ^jaJ, i = 1, • • • , 
In this paper we give a similar description for B^{V^^^) and study the limit of the algebras 
B^iV)^), B^iy^) as all coordinates of the vector K tend to infinity so that Ki/Ki^i — )■ oo 
for all i. We show that in this limit both Bethe algebras B°°{y^), B'^iV^) can be identified 
with the algebra of the equivariant cohomology Hq^^{J^x,'C) of the partial flag variety J^x 
parametrizing subspaces 

= Fo C Fi C ■ ■ ■ C = C", 

dimFj/Fj_i = Aj. This identification was motivated for us by the considerations in |RVj . 
|RSVj where the equivariant cohomology of the partial flag varieties were used to construct 
certain conformal blocks in V®^. 

Our identification of the Bethe algebra with the algebra of multiplication operators of 
the equivariant cohomology Hqi^{J-'x,C) can be considered as a degeneration of the recent 
description in ^ of the equivariant quantum cohomology of the partial flag varieties as the 
Bethe algebra of a suitable Yangian model associated with V®"', cf. |BMO] . 

In Section |2] we introduce the Bethe algebra. Section [3] contains the main results — The- 
orems [231 13.41 Theorems 13.31 identifies the algebra of equivariant cohomology Hq^^{J^x, C) 
and the Bethe algebras B°^{y^), B'^iV^). Theorem 13.41 says that the Shapovalov pairing of 
Vx and V;^ is nondegenerate. In Section H] we show that the isomorphisms of Theorem 13.31 
are limiting cases of a geometric Langlands correspondence. In Section |5] we explain how 
the Bethe algebras B^^iVx)-, ^^{^x) related to the quantum equivariant cohomology 
QHGL„xc*iT*J^x) of the cotangent bundle T*J^x of the flag variety J^x- Appendix contains 
the topological description of g(;v[t]-actions on ©A-f^cLnl-^A, C). 

We thank S. Loktev and A. Okounkov for useful discussions. 

2. Representations of current algebra Ql^lt] 

2.1. Lie algebra g[^. Let e^j, z, j = 1, . . . , A^, be the standard generators of the Lie algebra 
g[^ satisfying the relations [eij,esk] = Sjs^ik — ^ik^sj- We denote by [) C gt^v the subalge- 
bra generated by en, i = 1, . . . ,N. For a Lie algebra g , we denote by U{g) the universal 
enveloping algebra of g. 

A vector t> of a g[^-module M has weight A = (Ai,...,AAr) G if env = \iV for 
i = 1, . . . , N. We denote by Mx C M the weight subspace of weight A. 

Let V = be the standard vector representation of gl^v with basis vi, . . . ,vn such that 
^ijVk = SjkVi for all k. A tensor power V^"^ of the vector representation has a basis given 
by the vectors t>j^ © ■ ■ ■ ® t>j^, where ij G {1, . . . , A^}. 

Every sequence (ii, . . . , i„) defines a decomposition I = (Ji, . . . , 1^) of {1, . . . ,n} into 
disjoint subsets h, ■ ■ ■ , In- Ij = {k \ ik = ]}■ We denote the basis vector f © ■ ■ ■ © f j„ by 

Vi. 
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Let 

AeZ^o, |A|=n 

be the weight decomposition. Denote Xx the set of all indices / with = Aj, j = 1, . . . A^. 
The vectors {f/,/ G form a basis of (^®")a- The dimension of {y'^'^)x equals the 

multinomial coefficient dx := xj^^TJTI- 

Let 5 be the bilinear form on V®"^ such that the basis {v/} is orthonormal. We call S the 
Shapovalov form. 

2.2. Current algebra gl^rft]. Let 0(jvM = Q^n ® be the Lie algebra of gtjy'Valued 
polynomials with pointwise commutator. We identify gl^ with the subalgebra gljy ® 1 of 
constant polynomials in gl^vM- Hence, any -module has the canonical structure of a 
0l^-module. 

The Lie algebra gljvM has a basis <S)t^, i,j — 1, ■ ■ ■ ,N, r G Z^o, such that 

It is convenient to collect elements of 0ljv[^] in generating series of a variable u. For g e glj^, 
set^(ii)=E."lo(5®^>-^-'- 

The subalgebra ^N[t\ C fll^vM with basis Yli=i , f & Z^o, is central. 

2.3. The -modules V^. Let Sn be the permutation group on n elements. For an Sn- 

module M we denote by M"*" (resp. M~) the subspace of S'„-invariants (resp. antiinvariants). 

The group Sn acts on C[z] := C[zi, . . . , -Zn] by permuting the variables. Denote by crs(z), 
s = 1, . . . , n, the sth elementary symmetric polynomial in zi, . . . ,Zn. 

Let V be the vector space of polynomials in variables z with coefficients in V®'^: 

The symmetric group Sn acts on V by permuting the factors of V®'^ and the variables z 
simultaneously, 

We are interested in the subspaces V"^, V~ C V of (S^- invariants and antiinvariants. 
The space V is a 0ljv[^]-niodule, 

n 

g <®f {vi<® ■ ■ ■ i^Vn = '^vi <Si ■ ■ ■ <® gvs <Si ■ ■ ■ I® Vn zIp{z) . 

s=l 

The image of the subalgebra U{iN[t\) C U{glj^[t\) in End(V) is the algebra of operators of 
multiplication by elements of Cfz]"*". The gljv[t]-action on V commutes with the S'„-action. 
Hence, V"*" and V~ are 5ljv[^]-submodules of V. The subspaces V"*" and V~ are free Cfz]"*"- 
modules of rank N'^. 

Consider the gljy-weight decompositions 
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For any A, the subspaces V^, and V;^ are free C[2;]+-modules of rank d\. 

Denote by j^V^ the vector space of all V^'^"-valued rational functions of the form -i 
xeV-,D = Ui 



Zi). The Shapovalov form induces a 



-bilinear map 



5+_ : V+ ® -V- C[z] + . 

The g[jv[i]-niodule structures on V"*" and j^V^ are contravariantly related through the Shapo- 
valov form, 

S+-{{eij ^f)x, — y) = S+^{x,{eji®f)—y) for all ij,x,y. 

2.4. Bethe algebra. Given an x matrix A with possibly noncommuting entries aij, 
we define its row determinant to be 

rdet ^ = ^ (-1)'^ cna(i)a2<7{2) • • ■ ^NaiN) ■ 

Let K = {Ki, . . . , Kn) be a sequence of distinct complex numbers. Let d be the operator 
of differentiation in a variable u. Define the universal differential operator by 



V 



K 



rdet 



[d - Ki- eiiiu) 
-ei2{u) 



d 



K2 - 622 (m) 



V 



-eiAr(u) 



■em[u 
■eN2{u 



d- Kn - eNN{u)) 



-e2N[U) 

It is a differential operator in the variable u, whose coefficients are formal power series in 
with coefficients in U{glj^[t]), 

N 00 

j=0 



i=l 



and e f/(gljvM) for z = 1, . . . , iV, J ^ 0. 

Denote by the unital subalgebra of U{gli^[t]) generated by , with i = I, 
j ^ 0. The subalgebra is called the Bethe algebra with parameters K. 

Theorem 2.1 ([T], jCT]. |MTV1] ). The algebra B^ is commutative. The algebra B^ com- 
mutes with the subalgebra U{1)) C U{glj^[t]). If K = 0, then the algebra commutes with 
the subalgebra U{qIj^) C U{glj^[t]). □ 

Each element B^ is a polynomial in i^i, . . . , K^. We define B°° to be the unital subalgebra 
of f/(gljv[i]) generated by the leading terms of the elements B^ , i = 1, . . . , N, j ^ 0, as K 
tends to infinity so that Ki/Ki^i 00 for all i. 

Lemma 2.2. The algebra B°° is the unital subalgebra generated by the elements ca^P with 
1 = 1,. ..,N, j^O. 

Proof. We have B^ = {-if . . . Ki {l + o(l)) , and 

N 
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for J > , where o(l) stands for the terms vanishing as K tends to infinity. □ 

Remark. There are A^! asymptotic zones labeled by elements of in which K may tend 
to infinity. For a e Sn we may assume that all coordinates of K tend to infinity and 
K^jKa-i_^_^ — >■ oo for all i. It is easy to see that the hmiting Bethe algebra B°° does not 
depend on a. 

The algebra B°° is commutative and contains U{^N[t\)- The algebra B°° commutes with 
the subalgebra U{i)) G U{Qlj^[t]). 

As a subalgebra of U{Qlj^[t]), the Bethe algebra acts on any gIjv[t]-module M. Since 
B^ commutes with U{1)), it preserves the weight subspaces Mx- If -ft' = 0, then ^6^=° 
preserves the singular weight subspaces M^"'^. We will study the action of B°° on the weight 
subspaces V^, V^. 

Lemma 2.3. The element X^^i Cjj i'' £ U{^N[t\) CLcts on V as the operator of multiplica- 
tion by E"=i<- 

If L C M is a ;B^-invariant subspacc, then the image of B^ in End(L) will be called the 
Bethe algebra of H and denoted by B^{L). 

3. EQUIVARIANT COHOMOLOGY OF PARTIAL FLAG VARIETIES 

3.1. Partial flag varieties. For A e Z^q, |A| = n, consider the partial flag variety T\ 
parametrizing subspaces 

= Fo C Fi C • • • C Fiv = C" 

with dimFj/Fi_i — Xi, i — 1, . . . , N. 

Let C GLn be the torus of diagonal matrices. The groups C GLniC) act on 
C"' and hence on The fixed points J-'J" of the torus action arc the coordinate flags 
Fj = {Fq C • • • C -Pjv), / = (/i, . . . , In) G 2^A; where Fj is the span of the basis vectors 
Vj e C" with j e 7i U • • • U 7^. The fixed points are in a one-to-one correspondence with the 
set Ix and hence with the basis in Vx- 

We consider the GL„(C)-equivariant cohomology 

Hx = H*ar.jTx,C). 

Denote by Fj = {7ji, . . . , 7^^^} the set of the Chern roots of the bundle over J^x with fiber 
Fi/Fi^i. Denote by z — {^^i, . . . , Zn} the Chern roots corresponding to the factors of the 
torus F". Then 

N \i n 

(3.1) Hx = C[;.;ri;...;r^]^-x^^iX-x^^-/(nn(l + «^^^) = T[{^ + uz,)). 

i=l j=l 1=1 

The cohomology Hx is a module over H^^^^pt, C) = C[z]"'". 

Let Jh C Hx be the ideal generated by the polynomials crj(z), i = l,...,n. Then 
Hx/JH^H*iJ^x,C). 
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3.2. Integration over J^x. We will need the integration map j : Hx — t- HQj^^{pt,C). The 
following formula (13. 2p gives the integration map in terms of the fixed point set J^x" ■ 

For a subset A C {I, . . . , N} denote za = {za, a. G A}. For I = (Ji, . . . , In) G Ix denote 

R{Zi^\Zi^\...\ZiJ = Yl n i^b-Za). 

i<j a£li,b€lj 

The Atiyah-Bott equivariant localization theorem |AB] says that for any [h{z, Fi, . . . , Tn)] G 

(3.2) / V,] = j: . 

Clearly, the right hand side in (13. 2p lies in C[z] + . The integration map induces the pairing 

{,) : Hx^Hx^ C[z] + , [h] ^[g]^ j [hg]. 
After factorization by the ideal Jh we obtain the nondegenerate Poincare pairing 

(,) : H*{J^x,C)^H*{J^x,C) ^ C. 

3.3. Hx and V^. 
Lemma 3.1. The maps 



■ Hx Vx^ [h{z, Fi, . . . , F^)] ^ f/ ® h{z, Zi^,..., Zj^), 



: Hx^-Vx, [h{z,T,,...,TN)] ^ ^ ® ^TT^ 



are well-defined isomorphisms of C[z]^ -modules. □ 

Proof. If h belongs to the ideal of relations in (13. ip then h{z, zj^^, zj^^) = for any I, 
because the Fj = zj- substitution makes the generators of the ideal identities. This proves 
well-definedness. 

Consider the C[z]^-module C[z]'^^i ^"'^'^^^f of polynomials symmetric in the first Ai vari- 
ables, the next A2 variables, etc. In Schubert calculus it is known that this module is free of 
rank dx, and that it is isomorphic to Hx under the correspondence 

(3.3) pGC[z]^^i>^-><^^iv 4-> [p(Fi,...,F^)] G/Ja. 

An element J^ieix ® Pii^) of Va belongs to Vx, if and only if pi{z) = p{zj^, . . . , z/^) for 
a polynomial p G <C[z\^^^^'"^^^n . This shows that Vx is isomorphic to C[z]'^^i^'"^'^^jVj and 
that is the composition of this isomorphism with (13. 3p . 

A similar argument shows that i~^ is also an isomorphism. □ 

Corollary 3.2. The Shapovalov form and the Poincare pairing are related by the formula 

S^4^4h],^4g])= j [h][g] . 

J □ 
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Let y4 be a commutative algebra. The algebra A considered as an A-module is called the 
regular representation of A. Here is our main result. 

Theorem 3.3. 

(i) The maps '■ ^a^t'^lv^ ^ J2^'=ilij define isomorphisms of the algebras B°°(V^) 
and Hx ■ 

(ii) The maps i'^ identify the B°°{Vx) -module Vx with the regular representation of 
Hx. 

(iii) The maps i^ identify the B°°{Vx) -module Vx with the regular representation of 
Hx. 

The theorem follows from Lemmas 12.21 12.31 and 13.11 

3.4. Cohomology as g[^[i(:]- modules. Let J be the ideal of C[2]"'" generated by the ele- 
mentary symmetric functions cTj(z), i = l,...,n. Define = JV^ and = j^JV^. 
Clearly J+ is a g[^[)f:]-submodule of V"*" and J~ is a g[^[t]-submodule of . The gljvft]- 
module V~^/J~^ is graded and has dimension A^" over C, see |MTV2] . Similarly, j^V~ / J~ is 
a graded g(^[t]-module of the same dimension. 

Theorem 3.4. The Shapovalov form establishes a nondegenerate pairing 

S+- : V+/J+ ® -^V^/J" ^ C. 

The theorem follows from Lemmas 13.11 13.21 and the nondegeneracy of the Poincare pairing. 

Corollary 3.5. The Qi]^^[t] -modules V^/J^ and j^V^ /J^ are contravariantly related through 
the Shapovalov form, S+^[{eij ®t^)x, j^y) = S+_{x,{eji®f)j^y^ for all i,j,x,y. 

Let Wn be the gl^ft] -module generated by a vector Wn with the defining relations: 

n 

eii{u)Wn = Sii - Wn , i=l,...,N, 
u 

eij{u)wn = 0, l^z<j^A^, 

(Cji ® ly^^'^^Wn = , 1 ^ i < J ^ . 

As an slAr[t]-module, the module Wn is isomorphic to the Weyl module from |CL] . |CP] . 
corresponding to the weight nwi, where ui is the first fundamental weight of si^- 
In |MTV2] an isomorphism of / and the Weyl module Wn is constructed. 

Corollary 3.6. The Shapovalov form iS_|__ establishes an isomorphism of j^V^/J^ and the 
contravariantly dual of the Weyl module Wn- 

Here is an application of this fact. For A G Z^q, |A| = n, Ai ^ ■■■ ^ A^v, denote 
(^V^/ J")^*"^ = {v e 77V"/ J" I CijV = for i < j, CiiV = XiV for z = 1, . . . , A^} . 
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This is a graded space. Denote by {ij)^ /J )x"^^)f^ the subspace of all elements of z-degree 
k. Define the graded character by the formula 



ch((iv-/J-)r) = $:g^dim((iv-/J-)r).. 

k 

Corollary 3.7. We have 

(3.4) ch((iv-/j-)r) = (^)»ni,^<KA^(i-^^'-^-^---) ^-Ef..(«-i)A, 

^ [[i = l{(l)X^+N-i 

where {q)a = nj=i(l ~ Q^) ■ 

The corollary follows from Lemma 2.2 in |MTV2j and Corollary 13.61 
The isomorphisms 

(3.5) ^^ = ®^t ■■ ® Hx ^ V+, r = iJ;, ^ ^V" 

A A A A ^ 

induce two graded gl;v[t]-module structures on ©a if a denoted by p+ and p^, respectively. 
These module structures descend to two graded gt^yft] -module structures on the cohomology 
with constant coefficients 

H{C):= i/*(J-A,C), 

AeZ^Q, |A|=n 

denoted by the same letters p"*" and p~. 

Corollary 3.8. The Ql]^^[t] -module H{C) with the p^-structure is isomorphic to the Weyl 
module Wn- The Q\j^[t\-module H{C) with the p^-structure is isomorphic to the contravariant 
dual of the Weyl module Wn- 

The p^ structures can be defined topologically, see |RSV] and Appendix. The p~-structure 
appears to be more preferable. It was used in |RVj . |RSV] to construct conformal blocks in 
the tensor power V"®". 



4. Isomorphisms i"^ as a geometric Langlands correspondence 

4.1. The case. The following geometric description of the i3^-action on was given 
in |MTV3] as an example of the geometric Langlands correspondence. 

Let K = {Ki, . . . , Km) be a sequence of distinct complex numbers. Let A G Z^q , | A| = n. 
Introduce the polynomial algebras 

C[U] := C[Eij, i = l,...,N, j = l,...,Xi], C[(t] := C[ai, . . . , a„] . 

Define 

Ei{u) = e^'" {u^^ + Eau^'-' + ■■■ + Taj , z = 1, . . . , iV . 
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For arbitrary functions gi{u), . . . ,g]s[{u), introduce the Wronskian determinant by the for- 
mula 



WT{gi{u), ...,gN{u)) = det 



^ gi{u) g'liu) 
g2{u) g'^iu) 

\gN{u) g'^iu) 



gr'\u 



We have 

n 

liii<j^N s=l 

where A^{S), . . . , A^{I]) G C[X']. Define an algebra homomorphism 

: C[cr] ^ €[S], as ^ Af (S) . 
The homomorphism defines a C[cr]-module structure on C[-57]. 
Define a differential operator by 



V 



K 



1 



Wr(ri(n),...,r;v(M)) 



rdet 



Eoiu) K(u) 



\ 1 



d 



9^ / 



It is a differential operator in the variable u, whose coefficients are formal power series in 
u^^ with coefficients in C[X'], 



N 



(4.1) 



j=0 



and Ffl e C[I!], i = 1, . . . , N , j ^ 0. 



Theorem 4.1 f |MTV3j ). The map 



rf + : 



ij IV+ ^ ^ij 



K 



ism 



defines an isomorphism of the Bethe algebra B {V]^) and the algebra C[S] . The isomorph 

becomes an isomorphism of the U{^N[t])\y+ -module B^{V^) and the C[a]-module C[S] 
if we identify the algebras U{^i\f[t])\y+ and C[cr] by the map .(Js[z] i— a^, s = 1, . . . ,n. 

Denote 



V 



Theorem 4.2 f |MTV3] ). The map 



,,K+ . TjK^^+ ^ T^K 

defines a linear isomorphism C[X']. The maps T^~^,fx^~^ give an isomorphism of the 

(V^) -module and the regular representation of the algebra C[U]. 
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4.2. The limit of t^^ and /i^^ as K — t- oo. Let all the coordinates of the vector K tend 
to infinity so that Ki/KiJ^i — )■ oo for i = 1, . . . , N — 1. Then the homomorphism has a 
limit yV°°. Namely, define Af{S) by the formula 

N n 

H {u^' + Eau^^~' + ■■■ + Taj =u^ + Yl (-l)'^r(^) ■ 

i=l s=l 

Then 

(4.2) : C[(t] C[S], a, ^ A'^{S) . 
Define algebra isomorphisms 

(4.3) C[a]^C[z] + , r]:C[2J] ^ H^, 

by the agreement that the first isomorphism sends as to CTsi^) for all s , and the second one 
sends {—lySis to the sth elementary symmetric function of 'jn, . . . , for all i, s. 

Lemma 4.3. The isomorphisms fl4.3p identify the C[a]-module C[S] defined by formula 
(H^ and the C[z]^ -module Hx- 



Let pi{u) = u^' + Eiiu^'-'^ H h for all i = 1,...N. Notice that 

(4.4) = ne"-7«). ')(s7S) = EE 



r — r— 1 



' Piju) ' 
■ Piiu) ' 

j=l ^ r=0 j=l 

Lemma 4.4. We have = {-if Ki . . . Ki {l + o{l)) , and 
where o(l) stands for the terms vanishing as K tends to infinity. 

Proof. Let yi{u) = Wi (^Ei{u), ... Ef^{u)) , i = 1,...N. Then the operator can be 
factorized: 

^ V yi{u) y2{u))"\ yN-i{u) yN{u) J \ yN{u) ) ' 

Since yi{u) = (-l)(^-^)(^-^-i)/2 a-a^-\ . . iT^.i (j9,(m) . . .p;v(m) + o(l)) e^--^™" as K 
tends to infinity, the claim follows from formulae (14. ip and (14. 5p . □ 

Theorem 4.5. 

(i) The map rj ot^^ : B^iV^) H\ tends to the isomorphism : B°°(y^) — )■ Hx, 
see Theorem \3.3l as K tends to infinity. 

(ii) The map rj o : Hx tends to the isomorphism (ix)^^ ■ ^x ~^ -^a, see 
Lemma \3. 1\ as K tends to infinity. 

Proof. The statement follows from the definitions of the maps. Lemma [4.4[ formulae (14. 4p . 
and the proof of Lemma 12.21 □ 
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4.3. The V;^ case. Theorem 13.41 aUows us to establish a geometric description of the B^- 
action on -^V" which is analogous to the description of the i3^-action on V"*". 

Theorem 4.6. The map 



D 



defines an isomorphism of the Bethe algebra i3^(-^V;^) and the algebra C[IJ]. The isomor- 



phism becomes an isomorphism of the U{}N[t])\±y- -module B^{jyV^) and the C[cr]- 
module C[17] if we identify the algebras U{iN\t\)\^_y- and C[cr] by the map <ys[z\ i— > Us, 
s = 1, . . . ,n. 

Denote _ .^-^ 1 1 _ 

Theorem 4.7. The map 

/if- : B^v- ^ Fg, 

defines a linear isomorphism j^V^ — )■ C[17]. The maps T^~,fJ'x~ give an isomorphism of 
the {j^V)^) -module j^V^^^ and the regular representation of the algebra C[X']. 

The proofs of Theorems 14.61 and 14.71 are basically word by word the same as the proofs of 
Theorems O and O in [MTV 3] . 

It is interesting to note that the element v~ becomes a conformal block under certain 
conditions and satisfies a KZ equation with respect to see [Vj, |RVj . |RS Vj . 

4.4. The limit of and /if" as K — t- oo. Let all the coordinates of the vector K tend 
to infinity so that Ki/Ki^i — t- oo for i = 1, . . . , — 1. 

Theorem 4.8. 

(i) The map rj ot^~ : B^{V^) — )■ H\ tends to the isomorphism : B°°{V^) — > Hx, 
see Theorem \3.S\ as K tends to infinity. 

(ii) The map rj o /if ~ : V;^ — )■ Hx tends to the isomorphism {i'x)^^ : V;^ — Hx, see 
Lemma \3. 1\ as K tends to infinity. 

The proof is similar to the proof of Theorem 14.51 

4.5. The {^V-yl"^^ case. Formula <^ for the graded character of (;^V-/J-)^'"^ is the 
analog of the formula for the graded character of (V^/ J"*")^*"^ in |MTV2] . The latter formula 
was used in |MTV2j to obtain a geometric description of the i3^^°-action on (V"*")^*"^. Using 
formula (13. 4p we can obtain a similar geometric description of the S'^^'^-action on (;^V^)^*"^. 

Let A G Z^Q, Ai ^ ■ ■ ■ ^ Aat, I A| = n. Introduce P = {di, . . . , dN}, di = Xi -\- N — i,i = 
l,...,iV. Let" 

j=i, d,-jip 

Consider the polynomial algebras 

C[^] := C[r,„2 = l,...,iV,jG{l,...,rf.},rf.-j^P], C[a] := C[ai, . . . , 
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We have 

n 

lsii<jsiN s=l 

where Ai{S), . . . , An{S) G C[17]. Define an algebra homomorphism 

W : C[(t] C[U] , as ^ As{S) . 

The homomorphism defines a C[cr]-module structure on Cf-S]. Define a differential operator 

by 

fU.iu) IJ[{u) ... Uf\u)\ 

^ Wi{E,{u),...,Em{u)) '"^""^ 



V 1 d ... / 

It is a differential operator in the variable u, whose coefficients are formal power series in 
with coefficients in C[X'], 



AT o 
i=\ j=i 



and Fij E C[U], i = l,...,N, j ^ i. 
Theorem 4.9. The map 

defines an isomorphism of the Bethe algebra i3^^°((-^V~)^*"^) and the algebra C[-E']. The 
isomorphism becomes an isomorphism of the U{}N[t])\(^±y-yi"9 -module i3'^^''((-^V~)^*"'^) 
and the C[(T]-module C[U] if we identify the algebras U{^]\f[t])\j^j_y^ying and C[cr] by the map 
(Js[z] ^ as, s = l,...,n. 

Fix a vector E (;^V^)^*"^ of degree J^iLii'^ " O-^*- formula (13. 4p such a vector is 
unique up to proportionality. 



Theorem 4.10. The map 



defines a linear isomorphism {j^V )^*"^ — t- C[-I7]. The maps ,fi^ give an isomorphism of 
the B^^^(^{^V~y;^"'^) -module {-^V~)x^^ and the regular representation of the algebra C[U]. 

The proofs of Theorems 14.91 and 14.101 are word by word the same as the proofs of Theo- 
rems 5.3 and 5.6 in |MTV2j . 
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5. Relations with quantum cohomology 

In lectures [O] Okounkov, in particular, considers the equivariant quantum cohomology 
QHGLnxc*(T*Fx) of the cotangent bundle T*Fx of a flag variety Fx. More precisely, he 
considers the standard equivariant cohomology H^^^^^t(T*Fx) as a module over the algebra 
of quantum multiplication and described this module as the Yangian Bethe algebra of the 
XXX model associated with V'^"'. 

The algebra -f^GL„xc* (^*-^a) has n+1 equivariant parameters zi, . . . , Zn,u. The parameters 
zi,...,Zn correspond to the GL„-action on T*Fx and u corresponds of the C*-action on 
T*Fx stretching the cotangent vectors. The operators of quantum multiplication depend on 
additional parameters gi, . . . , corresponding to quantum deformation. 

It is well-known how the Yangian Bethe algebra degenerates into the Gaudin Bethe algebra, 
see for example [T], |MTVlj . This degeneration construction gives us the following fact. 
Introduce new parameters Ki, . . . , Kn by the formula = 1 + KiU, i = 1, . . . ,N, and 
consider the limit of the algebra of quantum multiplication on Hqi^^^q,{T* Fx) as m — 0. 
Then this limit is isomorphic to the i3^(V;J') -module Vx- This limit is also isomorphic to 
the -B^(;^V;^)-module ^Vx- 

Appendix: Topological description of the 0[^[t]-MODULE structure 
ON the cohomology of flag manifolds 

Given A G Z>n define 



ea,a+lA — 


(Ai,. 


• • ; Aa_ 


~1; Aq + 1, Xa+1 


— 1, Xa+2, ■ 


■ ■ , Atv) 


Ca+l.aA = 


(Ai,. 


• • 5 Aa_ 


-1, Xa — 1, Aa+l 


+ 1, Aa+2, • 


• • , Xn) 


A' = 


(Ai,. 


• • 5 Aa- 


-1; Xa, 1, Aq+i — 


1) Xa+2, ■ ■ ■ 




A" = 


(Ai,. 


• • ; Aa„ 


Xa — 1, 1, Xa- 


f-l5 Xa+2, ■ ■ ■ 


■ , Atv) • 



Let A' (resp. B', C) be the rank Xa (resp. rank 1, A^+i — 1) bundle over J^y whose fiber 
over the flag Li C ... C Ln+i is La/La-i (resp. La+i/La, La+2/La+i). Let A" (resp. 
B",C") be the rank A^ — 1 (resp. rank 1, Xa+i) bundle over J^x" whose fiber over the flag 
Li C . . . C Ln+i is La/ La-i (resp. La+i/ La, La+2/La+i). 
Consider the obvious projections 

^\ ^ J^X' J^ea,a + l\ and J'x ^ J^X" ^ J^Ca + l^aX ■ 

For an equivariant map / (eg. / = vr^ or vr^') the induced pull-back map on equivariant 
cohomology will be denoted by /*. For an equivariant fibration / (eg. f = 01 7^2) its 
Gysin map (a.k.a. push-forward map, or integration along the fibers map) will be denoted by 
/*. The equivariant Euler class of a vector bundle X will be denoted by e(X). The following 
theorem was announced in |RS V] . 

Theorem A.l. 

(i) The map p~{ea,a+i ®P): Hx^ ^e,,„+iA 



^ ^ T^'2.{^i{^) ■ e(Hom(i?',C")) ■ e{By) 
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makes the diagram 



P (ea,a+l®t^) 



H. 



D "^ea.a+lA 



(ii) The map p'{ea+i,a ®t^) : Hx^ -f^ea+i,„A 

X ^ 7r^',(7r;'*(x) •e(Hom(A",5")) -6(5"^ 
makes the diagram 

-^A > -nea+i,aA 



D "^ea+i „A 



commutative. 



Proof. We will prove part (i), the proof of part (ii) is similar. Let K be the index in Xe„ ^^^a 
with Ki = {I,..., (ea,a+iA)i}, K2 = {(ea,a+iA)i + 1, . . . , (ea,a+iA)i + (ea,a+iA)2}, etc. 
Consider x = [h{z, Fi, . . . , Fat)] g Hx. Its i~-image is 



E 



h{z, zj^, . . . ,zj^ 



lax. 



_R(z/J . . . 

The coefficient of vk of the 6^,0+1 ® t-'-image of this is 

h{z, Zki, . . . , Zk^_i, ZXa-ij ZKa+iUi, ZKa+2J ■ ■ ■ J ^ K m) a 



(A.l) E 



R{ZKi, • • • , ZK^_i,ZK^~i, ZK^+iUi, ZKa+2^ • • • ; ^KmJ 



R{ZKx I • • • l^-ftTiv 



E 



h{z, Zk^,. . . , ZK^-i, 2iC,+iUi, • • • , ZKf,) zl R{Zi\ZK^+i] 



R{ZKa-i-: 



On the other hand, the p {ca^a+i ® t-')-iniage of x (using a version of the Atiyah-Bott local- 
4) is 

h{z, Ai, . . . , A,_i, A„ - 5, 5, A,+i, . . . , ^m)R{S\K+i)5^ 



ization formula for TTg^) is 



E 



i?(A, - 5\5) 



where we denoted the Chern roots of the natural bundles over J^ea.a+iX by Ai, . . . , A^r. The 
coefficient of vk of its z~-image is f lA.ip . Thus the theorem is proved. □ 

The topological interpretation of generators of the p+-representation is similar, its proof 
is left to the reader. 



COHOMOLOGY OF A FLAG VARIETY AS A BETHE ALGEBRA 



15 



Theorem A. 2. 



(i) For the map p'^{ea,a+i ®P) : ^e„,„+iA 

X ^ 7i'^,(n[*{x) ■e{Rom{A',B')) ■ e{By^ 



we have i+o p+(ea,a+i ® P) = (ea,a+i ® P) <=> i 
(ii) For the map p+(ea+i,a ^P) ■ Hx ^ -f^e„+i,,A 




) 



we have i+o p+(ea+i,a (g) P) = {ea+i,a ® P) o i+ . 

The 0[^[t]-module structures on i^A descend to g[^[t]- module structures on H{C), 
also denoted by p^ in Section 13.41 The topological interpretation of the actions of ea,a+i ® P 
and ea+i,a^P for these representations is the same as that for Hx given in Theorems I A. II 
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